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\^ , Abstract: A new set of elementary symplectic elements is described, It is 

•^r ' shown that these also generate the elementary symplectic group ESp2n(^)- These 

generators are more symmetrical than the usual ones, and are useful to study the 
action of the elementary symplectic group on unimodular rows. Also, an alternate 
proof of, ESp2n(^) is a normal subgroup of Sp2n(^), is shown using the Local Global 
Principle of D. Quillen for the new set of generators. 



Introduction 



Let R he a, commutative ring with 1. The symplectic group Sp2Ti(-R) is the 
isotropy group of ipn under the action of SL2„(i?) on ^„ by conjugation, i.e. 

(^ ! Sp2„(ii!) = {a € SL2„(i?) I a^ipnCt = tpn}- (Here ^pn G SL2„(S) denotes the 

usual alternating matrix (of PfafSan one) got by placing the standard 2x2 

^—v I alternating matrix jpi of Pfafhan one, diagonally n times. 

^S| ' The Elementary Group E„(i?) is the subgroup of GL„(i?) generated by 

{Eij(A) : A e i?}, for i ^ j, where Ey(A) = /„ + Xcij and Cij is the matrix 
with 1 on the {i,j)-th position and elsewhere. /„ denotes the identity matrix. 
, , The Elementary Symplectic group ESp2n(-R) is the subgroup of Sp2n(-R) 

rN ' generated by the following "symplectic elementary" matrices E2i(a;), Ei2(a;), 

S I for a; G i?, Sij{X), ^ < i ^ j ^ 7r(i) < 2n, A G i?, where tt is the permutation 

- - -' (1 2)(3 4)---(2n-l 2n) e 82,1: 

Sij(A) = hn + Xcij - i-iy+^Xe^(j)^^i). 

In this note we describe a more "symmetric" set of generators denoted by 
E(A), E(B), E(C), E(D), which generate ESp2„(-R). 

These generators are useful in analysing the action of the elementary group 
on a unimodular row. A recent result in [3], which generalizes a famous lemma 
of L.N. Vaserstein in ([12 , Lemma 5.6), states that the elementary orbit of a 
unimodular row coincides with its elementary symplectic orbit. L.N. Vaserstein 
used this result in [12 to prove that the orbit space of unimodular rows of length 
three modulo elementary action is isomorphic to the elementary symplectic Witt 



group WE(i?) over a two diniensional ring R. Such an isomorphism was also 
shown for a non-singular afhne algebra of dimension three over an algebraically 
closed field k, when characteristic k ^ 2,3 hy Rao- van der Kallen in ^. 

The theorem in this note enables one to study elementary symplectic action, 
in a more symmetric way. The objective of the second named author was to 
consider if the Vaserstein symbol from the orbit space \JilRs{A) /F,3{A) — )-We(A) 
is injective, when A is a three dimensional affine algebra over an algebraically 
closed field (even if A is singular). This leads to the study of the action of a 
1-stably elementary matrix on an alternating matrix; which is discussed in [1], 
It is the hope of the second author that the structure theorem developed here 
will be useful to analyse this. 

Convention: In this article, we assume R is a commutative ring with 1 and 
2 is an invertible element in the ring R. 

2 The initial structure theorem 

To describe the initial structure theorem we isolate the following four types of 
basic elementary symplectic generators E(A), E{B), E(C), E(Z?) respectively 
which we will use in the sequel. We begin with a notation. 

Notation 2.1. We denote by 



' ^^a fib) ■ \i)n-lX^ll^i l2n-2j ' 

for some X e M2,2n-2(-R) of the form X = (X^, X^, ■ ■ ■ X2„_i), where 

Xttj Xbi 



X2i-1 — 1 7 

for some X,fi,ai,bi G R, for 2 < i < n. This is a symplectic matrix since 
det(X,) = 0, for all i. 

We can also write this as E((X3)2, (-''^5)3 ■ • • (X2n-i)n) where the lower in- 
dices indicate that the block X2i-i lies in the (l,i)-th position of the block 

matrix E ('^^ ^^"j £ Sp„(M2(i?)). 

We will denote by E*^ ( , I , a matrix of the above type which has 

\fia fib J 

precisely the X2k-i block that is non-zero. (The k will usually be clear from 

the context). Note also that this is the same as E(Xfe). 

For a e SLr{R), P £ SL,(i?), a ± /3 is the matrix (^ Vj e SL,.+,(i?). 
Examples are stated below in the form of a lemma. 
Lemma 2.2. For n > I, we have 

E2l(A)Si2„-l(x)Si2„(2;)E2l(-A) = [S ± I2n-2W (^^ ^yj, 

for S ^ E2i(A)Ei2(a;y)E2i(-A) e E2(i?). D 



Lemma 2.3. A symplectic matrix E ' ] is elementary symplectic if 

(A,m) ^E2(fl) (1,0). 

Proof: Let X2k-i 7^ in the given matrix, and let (A,/i)e^^ = (1,0). Then 

E {^^^ M - (£ ± /2„-2)Ei2(-Xy)Si2fc-l(x)Si2fc(y)(£ L hn-2)-^- 

n 

The four basic elementary symplectic matrices are 

We will denote these by type E(A(a)), E(B(6)), E(C(c)), E(i:>(d)) respec- 
tively; or just by E(j4), E(i?), E(C), E(Z?) when we are not too concerned about 
the actual entries, but only interested in the shape and form under discussion. 

Definition of H: H{= H{R)) is the subgroup of ESp2n(.R) generated by the 
elements of the type E(A), E(B), E(C), E(D). 

We shall also refer the 2x2 matrices 

a a\ fb — 6\ f c c \ ( —d d 
a a) '[b -b) ' y-c -c) '\d -d 

to be of type A{a), B{b), C{c), D{d) respectively; or just A, i?, C, D to indicate 
the shape. 

For future reference we may use the relations: 

Lemma 2.4. Let x,y ^ R. Then 



A{x)A{y) = 


A{2xy), 


A{x)B{y) 


= B{2xy). 


Aix)C{y) = 


0, 


A{x)D{y) -- 


= 0. 


B{x)A{y) = 


0, 


B{x)B{y) -- 


= 0. 


B{x)C{y) = 


A{2xy), 


B{x)D{y) -- 


= B{-2xy) 


C{x)A{y) - 


C{2xy), 


C{x)B{y) -- 


= D{-2xy) 


C{x)C{y) = 


0, 


C{x)D{y) -- 


= 0. 


D{x)A{y) = 


0, 


D{x)B{y) -- 


= 0. 


D{x)C{y) = 


Ci^2xy), 


D{x)D{y) -- 


= D{-2xy) 



n 

We will find it convenient to denote type E(A) as ( r^)^ w ' ^yP*^ E(i?) as 

nfhi ) ' ^yP^ E(C) as 1 „^ l), type E{D) as 1 a)i\) as it allows us to keep 

in focus the shape of the "horizontal" and "vertical" components of a basic 
elementary symplectic matrix. Or else think of them as the "top" and "bottom" 
component as in the case when n = 2. 



One can go further to use this notation: the reader wih understand if we 
write for X , Y E M2{R), n ) ' ir ) ' ^'^'^ '^^^'^ v ) ' '^ith some indication for 

the placement of the blocks X , Y. In particular, one could have „ J with the 

transpose of the top B and the bottom B not being the same matrix and only 
being matrices having the same form. Note that in the extended notation some 
of the matrices are obviously not elementary symplectic of course. All this is 
just to say that the special elementary symplectic matrices have the "splitting 
property": 

Lemma 2.5. (Splitting property) For X e M2{R), with det(X) = 0, 



^PiX'^Pi) lojUi^'V-J Ui^'V-JU 



n 



We will henceforth use the notations, for d G SL2(i?), I2 + X E E2(i?), 
X = B otC. cf e SL2„(i?), etc. 



G^ = <j{S±l2n-2), 
f^h+X = cr(/2fe-2 ^ ih + X) ± l2n-2k) 



for some fc, which will be clear from the context. 
Lemma 2.6. For S G SL2(i?), yi <E R, 2, <i <2n, 

fA f}2 VA^y2.-l ^2/2. 

where (A,^) = ei(5*, a = 5'&i2{yzyi + y^ye -\ 'r y2n~iy2n)5^^ ■ □ 

Lemma 2.7. Let R be a commutative ring. Then one has the identities: 

^f\x \y\^cH^f^a Aa\j^/A6 -A6\ 

\^x ^y J \^a fiaj \fib —fJ'bJ ^ ' 

with a ~ ^-2 ' ^ ~ ^^Y^' '^^'^ where Ch is the matrix 

= e{l2+2abe\e2)e-^ eSL2{R), 
if (A,/i) = eie\ for some e G SL2(i?). {Note that Ch G E2{R) if e G E2(i?).) 

Proof: The first identity is easily verified and the second one follows imme- 
diately from it. D 

Lemma 2.8. Let R be a commutative ring. One has the identities, for a, 6, A, fJ-,x,y G 
R, 

j^/Aa Xa\^rx x\^ry y\ 
\na ^aj \x xj \-y -y J j,^^(j 



where x = ^^H^, y = ^^^^, and whe 



^ f\b -\b\ ^ ^ fx -x\ ^ f-y y \ 

\^h -i^bj \x -x) \y -yjj^^e' 

where x — — 2~' V ~ ^^~^ — ' '^^'^ where 

Proof. This is a direct verification. D 

Lemma 2.9. One has an expression of the form, for A,/i,x, y £ R, for 5 £ 
SL2(i?), 






/or some A', /i' G i?. 

Proof. Take A' = Aa + /i6, /i' = cA + /id, where ei(5 = (a, 6), 62(5 = (c, d). D 

Wc now come to the Initial Structure Theorem: 
Theorem 2.10. (Initial Structure Theorem:) 

Let R be a commutative ring. Then ESp2n(^) is generated by matrices of type 
^2{R), E(A), E(B), E(C), ^{D), h + C, I2 + B, the last two being "suitably 
placed" elementary symplectic matrices. 

Furthermore, one has a decomposition of a e^ G ESp2„(-R) as a product of 
the type. 



S (A + C\(B + D\ (B + D 
^'^ ^ \D + Cj \B + Aj"\B + A 



(A) 



s(A + C\ \ B + D\ \ A + C\ 

j\D + Cj\ j\B + Aj"'\ j\D + C 



(B) 
= ^E(A)E(C)/,+cE(B)E(i?),,+B • • . E(yl)E(C)/,+cE(B)E(i?)j,+B 

(C) 
= ((5i ± • • • ± (5„)E(A)E(C)E(B)E(D) ■ • • E(A)E(C)E(B)E(D) 

(D) 
= '^E(A)E(C)E(B)E(i:>) ■ • ■ E(A)E(C)E(B)E(i:>) 

(E) 
for some 5,6i, . . . ,6n G E2(-R) 



Proof: Via standard commutator relations one can show that ESp2n(i?) is 
generated by means of the elementary symplectic generators £^21(2:), Ei2{x), 
Sii{x), S2j{x), ioT X € R, 3 < i,j < 2n. 

One has a similar identity to that of Lemma l2.6l on conjugating an expression 
of type Y[j=3 ^2j{yj)- Therefore, via Lemma 2.9, if e^; £ ESp2„(i?), then s^ can 
be written as a product of the form, 

e^-'Y[E(^' ^y], (4) 

^ 11 yfix fiyj 

for some 6 G E2(i?), x's, y's, A's, /z's in R. This is got by "moving" all the 
^2i(*)'s and i?i2(*)'s occuring to the "left". (In fact, one can also assert that 
each (A,^) -^e (1,0).) 

In the notation of Lemma 12.71 

\fj,x iiyj \fj.a jiaj \iJLb —no J ^ ' 

where Ch is the matrix given in Lemma 12.71 Note that Ch is an elementary 
matrix in E2(i?) as (A, ^) ^_e (1,0). 

Now pooling together the three identitites (1-3) we get an expression, for 
X,fJ.,x,y e R, 

^{ll ^^)=^''E(A)E(C),,+cE(i3)E(D),,+s. (6) 

Now Identity (C) follows from Equation (5) via Lemma 2.8, Lemma 2.9. 

Proof of Identity (D): We begin with the situation in Identity (C). Using 
the equations in Lemma 14.11 (see later) we can move the matrices of the type 
{hs 1- ih + B) ± ht}, 2s + 2 + 2t = 2n, {hs ± (h+C) L ht}, for some s > 1, 
i > 0, to the left. Lemma [4.11 shows that this is possible without changing the 
form too much. Sometimes there are additional terms input, but this term does 
not hinder us from taking the matrix to the left. Moreover, the process is finite 
and terminates with an element of the type ((5i _L . . . -L (5„) as required, we may 
assume that 62,- ■ ■ ,Sn are products of elements of the form I2 + B and I2 + C. 

We will deduce Identity (E) from Identity (D) by using the commutator 
relations of type [E(X),E(r)]. 

Lemma 2.11. We record all the possible commutator relations of type 
[E{X^){x),E{Yj){y)], where X,Y e{A,B,C,D} and i,j e {2,3, . . . ,n}. 

[E{X,){x), E{Xj){y)] = hn, for all i, j where X e {A, B, C, D}. 

[HA^){x), E(i?,)(y)] = 



hn, ifi^j; 

{l2+B{Axy)}±l2n-2, ifi^J- 



-^2(*-i) -L {E{CJ-^+l){-2xy)} ± l2(n-j), ifi < j; 
[E{A,){x), EiC,){y)] = \ /2(,_i) ± {I2 + C{-4xy)} ± /2(„_,), tf t ^ j; 

J2U-1) -L {E(Ci_j+i)(-2xy)} _L hin-t), ifi > J- 



[E(A,)(x), mm] = r^'-'' ^ ^EP,_.+0(-2.xy)} ± /,(„-,), ^f^ < j; 
\h(3-i) -L {E(A-j+i)(-2xy)} ± hin-i)-, if i > j- 






1-^20-1) ^ {E(Ai_j+i)(2xy)} ± hin-i), if I > 3- 



h(i-i) -L {E(Bj_j+i)(-2a;y)} ± /2(n-j)), */« < J/ 
[E(B,)(x), E(i^,)(y)] = <(/2(,_i)±{/2+B(-4a;y)}±/2(„_,), ^/^ = i; 

/20-1) -L {E(Bi_j+i)(-2xy)} ± /2(„-i)), if i > j- 

h(t-i) -L {E(Cj_j+i)(2xy)} ± hin-,), if i < J; 
[E(CO(x), E(A,)(y)] = <; /2(,_i) ± {/2 + C(4xy)} ± /2(„_,), */* - j; 

/20-1) -L {E(C,_j+i)(2a;y)} ± /2(„_j), if i > j- 



[E(C.)(x), E(B,)(y)] = r^(-^) ^ {EP,-.+0(-2xy)} ± /^(n-,), «/* < j; 
U20-1) ^ {E(A-j+i)(-2.Ty)} ± /2(„-j), «/« > j- 



[E(C.)(x), E(i^,)(y)] = |f;' '('^^' 

{/2 + C(4xy)} ±/2„-2, ift^J- 



[E(A)(x), E(A,)(y)] = r^(-i) ^ {E(A,_.+i)(2xy)} ± /2(„-,), z/* < j; 



h(i~i) -L {E(Bj_j+i)(2xy)} ± hin^j), if i < J; 
[E(A)(x), E(B,)(y)] = { /2(,_i) ± {/2 + B(4xy)} ± /2(„-,), ^/^ = j; 

/20-1) -L {E(Bi_j+i)(2xy)} ± hin-i), if i > 3- 



[E(A)(x), E(c,)(y)] = if;' '^'^^; 



[E{A2)ix), E{D,){y)] ^ 

/ 1-2 + A(Sx^y'-') + A{2xy) + D(2xy} D(4xiy^) + A(-4x^iy) \ 

l^ A(4xy^) + D{-4x^y) h + D(-8x^y^) + D(-2xy) + A{-2xy) J 

[EiB^Kx), EiC2)iy)] = 

h + A{2xy) + D(2xy) + A(Sx^y'^) B(~4x^y) + C{4xy^) 



- A(-2xy) + D(-2xy) + D{-S,x^y^) B(Axy^) + C(-4x^y) 

B{4:xy^) +C{-4:Xy^) 



[E{C2){x), E{B,){y)] 
( I2 + 

[E(D2)(x), E(A2)(2/)] = 

( h + A{-2xy) + D{-2xy) + D{-Sx^y^) A{4xy^) + D{~4x^y) \ 

\ D{ixy'^)+ A(-ix^y) I2 + A(2xy) + D{2xy) + A(S.x^y^) ) 



Corollary 2.12. The elements {hr -L {h +Y) L hs}, r > 0, s > 0, 2r + 2 + 

2s = 2n, Y ^ B or C, are in the subgroup of FiSj>2n{R) generated by elements 
of the form E{A), E{B), E(C), E{D). 

Proof: The relations in Lemma \2 . 1 II show that the "smaUer" sized matrices 
are in the required subgroup. D 

A matrix of type (Si 1- ... -L (5„), as in Identity (D) can be written as a 
product of type (^i _L l2n-2)H. 

Hence, Identity (E) fohows from Identity (D). D 

L.N. Vaserstein showed in |12j that the first row of an elementry matrix of 
even size is the first row of an elementary symplectic matrix, i.e. e2nE2n{R) — 
e2nESp2„(-R). In view of this, as a consequence of the initial Structure theorem 
we get: 

Corollary 2.13. Let R be a commutative ring with 1. Then for elementary ma- 
trix e, we have e2n£ = S'2nCt, for some elementary symplectic a in the subgroup 

H 0fESp2n{R)- 

Proof In view of Corollary 12.121 the initial Structure Theorem asserts that if 
e^ G ESp2n(-R) then e^ —^ h, for some S G E2(-R), h £ H. By Vaserstein's 
lemma ([T^, Lemma 5.6) e2n£ ~ G2n£ipi for some e^ G ESp2„(i?). Hence e2n£ = 
S27i{ h) = e2na, for some a G i?, as required. D 

Lemma 2.14. Let S ^ ( ^ ^ j wii/i det (5 = 1 . Let i e {2,3, ... ,n}. Then 
we have the following identities: 

'E(A,){X)'-' = E' (P'' P"") E^ ('^'^ '1'') {/2._2 ± {h + C{~X^)} ± L2n^2^}■ 



'nB.n-r' = E' (II -_llj E' (^;^ :J^j {/2.-2 ± {I2 + Bix^)} ± l2n-2.}. 
'EiQ){xr'=E^(j,l rx)^'(-S 111) {12^-2 ^{l2+Cix')}±L2n-2.}. 
'EiD.){xr' = E^ (-_ll II) E^ (ll -_ll) {L2.-2 ± {l2+Bi-x^)} ± /2„-2j. 



Corollary 2.15. Let 6 G SL2(i?), e £ H{R), the subgroup o/ESp2„(i?). Then 



Proof. This is clear from Leinnia l2.141 Equations (2)-(3). and Corollarv l2.12l D 

Corollary 2.16. Let S G SL2(i?), e^ G ESp2„(i?). Then "^e^"' =^ a, for some 
a€H, eGE2(i?). 

Proof. This fohows from Lemma I2.6[ Equations (l)-(3), Corohary I2.12[ and 
Lemma nil □ 

3 The final Structure Theorem 

Our final Structure Theorem is to assert that ESp2n(^), n > 2, is generated by 
elements of the type E(A), E(B), E(C), E(D). 

Before we come to the final Structure Theorem we make a simple observation: 

Corollary 3.1. The subgroup E2(-R) 1. l2n-2 is contained in H. 

Proof Let j = I2 + B{c). Then Ei2(-l)7Ei2(l) = £'2i(c). By Corollary 
12.151 Ei2(— l)7Ei2(l) e -ff, hence E2i(c) G H. Similarly, one can show that 
Ei2(c) eH. n 

We now come to the main Structure Theorem for the elementary 

symplectic group of size atleast four; 

Theorem 3.2. For n > 2, ESp2n(^) coincides with the subgroup H. 

Proof. By the initial Structure Theorem Identity (E) it follows that if e^f, G 
ESp2„(-R) then e^ =^ h, for some 5 G E2(i?), h G H. 

Therefore, it suffices to show that {6 _L 1211-2) G H , for 6 G E2(-R). This was 
shown above in Corollary 13. II D 

4 Local Global Principle for the A, B, C, D subgroup 

In this section we give an alternate proof of, ESp2„ (R) is a normal subgroup of 
Sp2„(i?), from that of V.I. Kopeiko in [5] and G. Taddei in [14 . This proof will 
throw more light on the commutator relations between the special generators of 
type A, B, C, D described above; which we feel is useful to record here. 

A sketch of the proof: By Theorem 13.21 we have H — ESp2„(-R) for n > 2. 
We prove that iJ is a normal subgroup of Sp2„(i?), n > 2. Our idea to prove 
this is to establish that H{R[X]) satisfies the Local Global principle enunciated 
by D. Quillen in [TU] to settle the Serre's problem on projective modules over 
a polynomial ring. Our treatment to establish this Local Global principle is 
influenced by A. Suslin's treatment in [13) . which in turn was inspired by D. 
Quillen's approach in [10]. The treatment of V.I. Kopeiko in [8] is also inspired 
by [13 ; however our treatment is via commutator laws (and not the special 
forms as in [13], [5])) and is similar to the treatment in [T] for the relative 
groups via commutator relations. 



Lemma 4.1. We record the commutator relations of type [E(Xi), {I2J-2 -L 
{h+Y} ±l2n-2j}], withX ^ A,B,C,D andY = B,C where i e {2,3, ...,n} 
and j G {1, 2, ..., n}. 

[E(B,)(x), {I2J-2 ± {h + B{y)} ± l2n-2j}] = hn, for all i,j. 
[E(a)(x), {I2J-2 i {h + C{y)} ± l2n-2j]] = hn, for all t,j. 

[E(A,)(x), {l2,-2 ± {h + B{y)} ± l2n-2j}] = 

U{l2 + B{4x^y)} ± I2n-2^MB,){2xy), ifi= 3; 

\l2n, iji^j- 

[E(A,)(x), {I2J-2 ^ {I2 + C{y)} ± l2n-2j]] = 

I {/(2,_2) ^ {I2 + C{Ax^y)} ± /2„-2aE(a)(-2xy), if j = 1; 

[hn, for any i,j with j y^l. 

[E(B,)(x), {/2,_2 1 {I2 + C{y)} ± l2n-2j}] = 

■{/(2,_2) 1- {l2+B{-4x^y)} 1. /2„_2i}E(A)(-2xy), if j - 1; 
{{I2 + Bi-4x\)} ± l2n-2}E{A,){2xy), if i ^ j; 

J2n, ifiy^jjj^^- 

[E(C,)(X), {/2,_2 ± {I2 + B{y)} ± l2n-2j}] = 

■{/(2,_2) ^ {l2+C{~4x^y)} ± /2„_2^}E(A,)(-2xy), ifj = 1; 
{{I2 + C(-4x2y)} ± /2„_2}E(A)(2x2/), z/ z = j; 

[E(A)(x), {/2,-2 ^ {h + B(y)} ^ /2„-2,}] = 

f U(2^-2) i {/2 + S(4a;2y)} 1 /2„_2aE(B,)(-2a;y), «/i = 1; 

[E(A)(a;), {/2,-2 ^ {/2 + C(?y)} 1 /2„-2,}] = 

f {/(2^-2) i {/2 + S(4x2y)} ± /2„-2^}E(C,)(-2xy), z/ j = 1; 

\hn, «/jV 1- 

Lemma 4.2. M^e record the commutator relations of type [Fi{Xi){x) , E(yi)(j/) ], 
with (X, r) e {(A,L>), (B,C)}, wftereie {2,3,...,n}. 

[E(A,)(x), E{D,){2yz)] 
= [E{A,){x), {{h + C{4y^z)} ± /2„-2}] {{h + C{4y^z)} ± hn-2] 

[[E(A,)(X), E(a)(y)]^(C,)(2/), [E(A,)(x), {/2.-2 ^ {/2 +B(^)} ^ /2„-2^}] 

{/2.-2^{/2+S(z)}±/2„-2»}] 

[{/2.-2 1- {h + B{z)} ± hn-2^}, ^{Ci){y)]{{h + C{-Ay''z)} ± /2„-2}. 



10 



mB,)ix), E(a)(2yz)] 

= [E(B,)(X), {/(2,_2) 1- {h + CiAy^z)} 1 I2n-2^}] 

{/(2,_2) 1- {l2+C{4y^z)} ± I2n-2^}MB,)ix), E{A,){y)]E{A,){y) , 

[E(B,)(x), {h + C{-Z)} ± l2n-2}]{{h + Ci^z)} ± l2n-2}] 

[{h + C{-Z)} ± /2„-2}, E(A,)(y)]{/(2,_2) 1- {h + C{-^y''z)} ± /2„_2^}. 

Proof. Since 

E(A)(2yz) = {{h + C{-Ay^z)} L hn-2Y^[nC^){y), {I2^-2 ± 
{I2 + B{z)} ±hn-2^}] and 

E(a)(22/z) = {/(2,-2) ^ {h + C{-Ay^z)} ± /2„-2a'ME(A,)(y), 

{{/2+C(-z)}±/2„_2}]. 

Now using the commutator formula 

[ X, y[z, w] ]^[x,y]y[ [x, z]z, [x, w\w ] [w, z] y"\ 

results follows. D 

Proposition 4.3. Let X,Y,Z e {A,B,C,D}. Let k e N be fixed. Let s be a 
non nilpotent element of R. Let m> k. Let i,j,rt G {2,3, ..,n} for every i G N 
then there exists a product decomposition in ESp2„ (i?s) 

A 

E{X,){a/s'')EiY,){s^x)E{X,){a/s'')-^ = [] E(Z,J(s™*xO. 

t=i 

where a and x are elements of R and the Xt are suitable elements in R, also 
X < 45, with mt — ;■ oo as m ^>- oo. 

Proof. In order to cover all possibilities, we discuss the proof by considering 
three cases as follows: 

Case 1: When X e {A, B, C, D}, 

E{X,){a/s'')E{X,){s"'x)E{X,){a/s'')-' = E{X,){s"'x). 
For instance, E{A,){a/s'')'E{Ai){s"^x)'E{Ai){a/s'')-^ = E{Ai){s"'x). 

Case 2: When {X, Y) e {{A, B), {A, C), (B, A), (B, D), (C, A), (C, D), [D, B), 

(AC)} 

A 

E{X^i){a/ s^)E{Yj){3'''x)E{X,){a/ s'')-^ == J| E(Z^J(s'"*a;t), where A < 5 

t=i 

For instance, 

E{Ai){a/s'')E{Bj){s^x)E{A,){a/s'')-^ = [E{A,){a/ s''),E{B,){s"'x)]E(Bj){s^x) 

= [E{A,){asnMB,){s'x)]E{B,){s"^x) 

A 

= \{E{Zr,)(s'^'xt)ioimt>Q. 
t=i 
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where X = 1, ii i =/= j and X ~ 5, ii i = j (The penulthxiate equation is via 
Lemma 12.111 and holds for any positive integers p, q, with p + q = m — k.) 

5 

= ]jE(Z^J(s™'xt) ioimt >0. 

(The penultimate equation holds by Lemma [2 .111 for any positive integers p, q, 
with p + q = m — k.) 

Case 3(a): When (X, Y) e {{A, D), {B, C), {D, A), (C, B))} and i ^ j, then 

5 

We work out the case {X, Y) — {A, D) below. The other cases can be worked 
out similarly. For instance, 

E(AO(a/s'=)E(i?,)(s"x)E(A,)(a/s^-)-i = [E(A,)(a/s^-),E(i?,)(s"x)]E(i?,)(s"x) 

= [E{A,){asP),E{Dj){s'^x)]E{D,){s"'x) 



^l[E{Zr,){s"'*Xt) ioi mt > 0. 
Case 3(b): When {X,Y) e {(A.D), {B,C), {D,A), (C,B))} and i = j, then 

A 

E{Xi){a/s'')E{Yj){s"'x)E{Xi){a/s'')-^ = ]jE(Z^J(s'"'xt), where A < 45. 

We work out the case {X, Y) — {A, D) below. The other cases can be worked 
out similarly. 

[E{Ai)(x), E(A)(22/z)]E(A)(2yz) 

= [E(A,)(x), {{h + C(Vz)} ± /2„-2}] {{h + C(Vz)} ± hn-2) 

[\E{Ai){x), E{C,){y)]E{Ci){y), [E{A,){x), {h^-2 1- {h + B{z)} ± hn-2i]] 

{h^-2 1- {h + B{z)] ± I2n-2^}][{h^-2 ^ {h + B{z)] ± /2„-2,:}, E(C,)(2/)] 

{{h + C{-Ay^z)] ± /2„-2} E(A)(2yz). 

We can write it as 

[E{A,){x), E{Di){2yz)]E{D,){2yz) 
^[E{A,){-^xz), E(a)(V)]E(C,)(-8V^)[E(C,)(y'), E(A)(^)] 
[[E{A,){x), E(CO(y)]E(CO(y), [E(A,){x^), E{B,){z)]E{B,){2xz)] 
{/2._2 ± {/2 + S(z)} L hn-2^]][E{Ci){y), E{Di){z)] E{D,){2yz) 
[E{C,){y^), E{D,){z)]E{D,){2yz). 
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Now choose x — a/s'', y — s"^ and z — Aus'^"^ where u £ i? and 

{I2^-2 1- {I2+B{z)} ± hn-2^} = [E(A)(ws'"), Y.{B,){s^)\ 

then xz = 4aus^™^'^, xy — as™-^^, yz = 41(5^™ and xy'^z = 4aMs'*'"~'^. Now 
we observe that, for some xt & R 

X 

t=i 
where rrit is a positive integer such that nit -^' oo as tti — > cx). □ 

We record a well-known useful observation in the form of a lemma: 
Lemma 4.4. Let G be a group and ai, hi G G, /or i = 1, . . . , n. Then 

n n n 

i— 1 i—1 i— 1 

w/iere r^ = nj=i%- 

Proposition 4.5. (Dilation Principle) 

Let R be a commutative ring. Let s be a non-nilpotent element of R. Let 
a{X) e Sp2„(i?[X]) with a(0) = /2„. 

LetY,Z e{A,B,C,D}. If as{X){= a{X)s) e ll{Rs[X]), then for m»0, 
for all b e {s)"'R, a{bX) G YL{R[X]). 

Proof Let a,{X) = JlLi E{Y,^){bk{X)) G H(i?s[X]) where bk{X) G i?,,[X] for 
all fc, also ife G {2, 3, .., n] for every /c G N. 

Let 6fe(X) = 6fe(0) + X6'fe(X). SinceE(y)(a + 6) = E(y)(a)E(r)(6), we can 
write 

r 

a,(X) = n E(r,J(6,(0))E(r,J(X6;(X). 
By Lemma [4.41 one has 

r r 

".(^) = n lMy^.)(xbux))lk' n E(F,j(6fe(o)). 
fc=i fe=i 

where 7^ = Hj^i E(FjJ(6i;(0) and Zj G {2, 3, .., n} for every j G N. As 7^ = /2„, 
Therefore 

a,{X) = []7fcE(r.J(X6U^))7,T^ 
Hence we can write 

r 

fc=i 

Our next claim is that if /3 = 117=1 E-li^ijOl^j), &j" G -Rs then we can show 
that one has a product decomposition 

/3E(Z)(s"x)/3-i - n E(Z,J(s™*xO, (7) 

t=i 
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with mt — >■ cx) as m — > oo , xt G i?. 

We do this by induction on k. where /3 — /3i/32 ■ ■ ■ Pk, where /3j — 'Ei{Yi.){hj). 
When fc = 1 by Proposition 14. 31 we have a product decomposition 

Ai 

t=i 
with mt -^ cx) as rn — )■ oo. Now assume the result is true for fc — 1. 

Afc-i 

/3i/32 • • • /3fe^iE(Z)(s™x)(/3i/32 • • • /3fe-i)"' = H E(^.J(s™*a;t), 

i = l 

Now to show for fc, we have an expression 

/3i/32 • • •/3fe-i/3feE(Z)(s™a;)(/?i/32 • • • /3fe-i/3fe)-\ (8) 

Since by Proposition 14. 3[ we can write 



/3fcE(Z)(s'"x)/3,7^ =l[E{Zr,){s'"-'^xt) = 0i02 ■■■0x (say.) 



t=i 



Hence we can write the expression (8) as 

/3i/32 • • • Pk~idi02 ■ ■ ■ 0xiPil32 ■ ■ ■ Pk-i)-' 
Now we rewrite above expression as 

/3i/32 • • • /?fe-i0i(/3i/32 ■ • • /3fe-i)"'/3i/32 • ■ ■ /3k-i02Wip2 ■ ■ ■ h-i)~^ 



■l3iP2---Pk-iex{Pip2---h-i) 



-1 



Now for each /3i/32 • • • /3fc-i6'/(/3i/32 • • • Pk~i)^^ as I varies from 1 to A, Induction 
hypothesis for k — 1 can be apphed. Hence we have product decomposition as 
in Equation (7). 

Therefore we can write 

r \k 
k=lt=l 

for m large enough, the term s"^*xt is contained in i?[X], as required. Hence 

r Xk 

a{bX) = n n ^{Zr,){s'^'xt) e UiRlX]). 
k=it=i 

n 

Theorem 4.6. (Local Global Principle) 

Let a{X) e Sp2„(i?[X]), with a(0) = hn- If a{X)m G H(i?m[X]), for all 
maximal ideals m of R, then a{X) G H(i?[X]). 
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Proof. Let m be a maximal ideal of R. Choose an element Om from R\m such 
that a{X)a,„ e H{Ra„,[X]). Let us define 

l3{X,Y)=a{X + Y)aMy)al- 

Clearly /3(X, Y) e H(i?a,„ [X, Y]), and /3(0, Y) = hn- 

Therefore by Proposition |131 /3(6,nX,y) e H(i?[X,F]), where b^ G (a,^), 
for some N >> 0. 

The ideal generated by the bm is the whole ring R. Therefore we have 
cibmi + C2bm2 + ■ • ■ + Ckbmk = 1, where a e R, for 1 < i < k. 

Note that /3(c,6m.X,r) e Ti{R[X,Y]), ioTl<i<k. 

fe-i 
a{X) = ([]/3(c,6,,.X,r,))/3(cfefe„,X,0), 
j=i 

where Ti = Ci+ib^^^-^X + ... + Ckbm^X. Hence a{X) e H(i?[X]) D 

Corollary 4.7. T/ie subgroup H(i?) ('iizz. ESp2n(^) ^2/ Theorem \3.2\) is a nor- 
mal subgroup of Sp2n (R) ■ 

Proof. Let 7 e Sp2„(i?), /i G H(i?). Choose a homotopy /i(r) e H(i?[r]) of /i. 
Consider ^h{T)^^^. 

Note that for a prime ideal p of i?, Sp2n(i?p) = ESp2n(^p)- By Theorem 
2.10 (E), 7p =''(P) a, for some a £ H(i?p). 

Thus, 7p/i(T)p7p~^ =* a/i(T)p(''a)-\ for some a € H(i?p), 5 £ E2(i?p). By 
Lemma [ri^ 7p^(r)p7p"^ G H(i?p[T]), for all primes p of i?. 

By the Local Global Principle proved in Theorem 14.61 



ih{Th-^ e 7M0)7~'H(i?[T]) = H(i?[r]), 

as h{0) = hn- Hence "fh{T)j-'^ e H(i?[r]). Hence 7/1(1)7-^ G H(i?), as 
required. D 
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